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The approach previously described [1] for solving the contact problem with adhesion is extended to the case of a punch of arbitrary
shape acted upon by a tangential load. The contact problem with adhesion for a symmetrical punch with a contact area that
increases as a result of the loading was considered in [2-4] using an incremental approach. A solution of this problem was also
given in [1] based on inversion, using the method described in [5], of the system of singular integral equations for the contact
stresses, and an analysis of the additional conditions which ensure that this inversion is correct. © 1999 Elsevier Science Ltd.
All rights reserved.

1. FORMULATION OF THE PROBLEM

Suppose a rigid convex punch is indented into an elastic half-plane (see Fig. 1) by the action of a
monotonically increasing normal load P, and a tangential load Py, related to P, by a certain relationship

P =N(Py), P,>0 (1.1)

When the punch is impressed, adhesion occurs between the contacting bodies, i.e. the points of the half-
plane arriving in contact with the punch do not experience any additional displacements with respect to it.

We connect a system of coordinates with the punch, arranging its origin to be at the point of initial
contact between the punch and the half-plane (see Fig. 1).

We will assume that the dimensions @ < 0, b > 0 of the contact area increase monotonically as the
impressing of the punch progresses. Further, we will characterize by the quantity a (together with the
quantity P,) the degree of impression of the punch, where, in particular, the dimension b will be a certain
function of a.

The problem consists of finding the contact stresses g; = 1|, = o, g2 = —0y, = ¢ for arbitrary a, and also
the relationship b(a). The boundary conditions corresponding to the problem in question have the form

u(x,a)=@(x)+C,, v(x,a)=gx+ue(x)+C,, xel-ab] (1.2)

@ (x,a)=¢q,(x,a)=0, x €[-a,b]

where u and v are the tangential and normal displacements of the boundary of the half-plane in the
system x, y, (x) is a certain function, to be determined, y = g(x) is the equation of the shape of the
punch, p = 0, 1, and the constants C, and C, are analogues of the rigid displacement of the punch along
the x and y axes, the specific values of which have no effect on the solution of the contact problem, and,
moreover, they can be set equal to zero in the chosen system of coordinates.

The presence of the term ¢(x) in the argument of the function g in (1.2) when p = 1 corresponds to
the more accurate formulation of the contact problem. Namely, it takes into account the fact that, as
the punch is impressed, the pointx on the boundary of the half-plane is displaced tangentially with respect
to it and hence arrives in contact with a point on the punch which has the coordinate x + ¢(x) [6]. When
there is no ¢(x) in the second equation of boundary conditions (1.2) (u = 0), the latter will have the
classical form [4].

We will impose the following limitations on the shape of the punch and on the unknown function
¢(x). Namely, we will consider the point x = 0 as a node and assume that

G(x)=g'(x)e H,, ¢’(x)eH, (1.3)
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Fig. 1.

We recall that the notation f(x) € H for a node at the pointx = 0 denotes [5] that, for arbitrary positive
d, and d,, the function f{(x) belongs to the Holder class on [-d;, 0] and [0, d;], provided that, for the
first segment, we take as f(0) the limit of f(x) asx — 0 - 0, and for the second segment the limit of f(0)
asx — 0 + 0. Here and henceforth the prime denotes the derivative of a function with respect to the
first argument.

We will note some additional properties of the function @(x), the value of which, when x € [-a, b},
is identical with the tangential displacement of the point x of the contact area. First of all, by virtue of
the choice of the system of coordinates xy and the conditions of adhesion between the contacting solids,
we have

®0)=0 (1.4)

Further, if x; < x;, when the half-plane is deformed a point on its boundary with coordinate x; will
always be situated to the left of the point x,. This indicates that the sum x + ¢(x) must be a strictly
increasing function of x, which is ensured by the inequality

1+9’(x)>0 ’ (1.5)

As regards the functions g1(x, @) and g,(x, a) we will assume that, for each a, they are bounded at
the ends—a, b of the contact area and belong to the class H* in [, b], i.¢. in the notation used previously
in [S] we will assume that

qk(x’ a) € hZ[—a' b]’ k= 1¢ 2 (1.6)

Note that relation (1.6) allows of the presence in the functions g, ,(x, a) of integrable singularities
at the pointx = 0.

The relation between the boundary stresses and the displacements # and v, in the linear theory of
elasticity, is given by two equalities [7]

m“'(x,a)':"’m‘b(x»a)‘*]? %}ldgv mv ’(xva)=—nqu(x’a)—j 'qL(_g,—xa')—dE.» (17)

m=nE2(1-v)]™", x=1-2v[20-v)]"

where E is Young’s modulus and v is Poisson’s ratio v € [0, 1/2).

We will put x € [-a, b] in (1.7) and replace the function u(x, a), v(x, @) in them by the right-hand
sides of the corresponding boundary conditions (1.2). We then multiply the first equation of (1.7) by
the square root of —1 and add it to the second. We obtain the following equation

b
~mya(x.a)+i | i’glf?dé--f(x) (18)

- -

q(x,a) = q(x,a)+igy(x,a), f(x)=y,(x)+iy,(x)
(1.9)

Y (x)=m@’'(x), Yy(x)=mG(x+pe(x))(1+pe’(x))

From the definitions of the functions f(x) and g(x, @) and relations (1.3) and (1.6) it follows directly
that f(x) € Hy, q(x, a) e hy[-a, b].
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2. INVERSION OF THE EQUATIONS FOR THE BOUNDARY STRESSES.
FUNDAMENTAL RELATIONS

According to the results obtained previously [5], the solution g(x, a) of Eq. (1.8) from the class
hy[-a, b] for a specified a and b and f{x) € Hj exists if and only if

T fEdE _
2.1
j a 4 (§ a) 21
Z(x a)=\/(a+)c)(b—x)(b_x)m2 ‘C=-]-|n-l—t—5llﬂ(3-4v)
e a+x) ' nol-x =
When condition (2.1) is satisfied, we have the following formula for inverting Eq. (1.8)
6 f(&)dg
5 —-——Z —de—, -a,b
q(x,a) = Y6f(x) 1(x.a )J 2ot x €[-a,b] .

= [(1 - )}

Note that the limit values of the function g(x, a) from (2.2) asx - —a + 0 andx —» b - 0 are equal
to zero. This follows directly from the well-known theorem on the behavior of the Cauchy-type integral,
present in (2.2), close to the ends of the line of integration [5].

We will transform Eqs (2.1) and (2.2). We substitute into (2.1) the expression for the function f{x)
in terms of the functions y,(x) and y,(x), rather than the function itself, which, in turn, are related to
the functions @(x) and g(x) by Eqgs (1.9). Separating the real and imaginary parts in the expression
obtained, we arrive at the following two equations

b e
J [q»'(x){ S'“‘“(x’“)}+G(x+u<p(x))(1+u«p'(x»{°°s°‘""‘)}] =

=0 .
2 cos 0 x,a) sin o(x, a) :}(a +x)(b-x) (23)
o(x,a)= —;—ln Zii

Making a similar substitution into (2.2), we will have

{‘7' (x"‘)} - e[x{‘“(x)} —% (a+ )b x)(i, (x,a){ sin (x, @) } +

g,(x,a) Vi (x) | cos au(x,a)
. coso(x,a)] . cosa(x,a) . sino(x,a)
+j(x, a){_ sina(x, a)} + iy (x, a){_ sina(x, a)} = Ja(x, a){cos ofx, a)})} (2.4)
{ik(x, a)} _¢ {sin a(g,a)} v (E)dE . xel-ab]
e, |cosa,a)] \J(a+E)b-ENE-x)

We now return to Eqgs (2.3) and note that the quantity b occurring in them is a certain function of a,
while these equations themselves must be satisfied for any a. Hence, Egs (2.3) can be regarded as Volterra-
type non-linear integral equations of the first kind in terms of the unknown functions ¢(x) and b(a).

Relation (1.1) gives one further equation for determining ¢(x) and b(a). In fact, from the equilibrium
condition for the punch we have

b
P = [ [g,(x,a)cos (x)+ g, (x,a)sin (x)}dx
—-a
b 2.5)
B, = [ [-q,(x,a)sin®(x)+ g,(x,a)cos w(x))dx
b’}
where w(x) = arctg g'(x). Substituting (2.5) into (1.1) and taking expressions (2.4) for ¢, ,(x, a) into
account, we arrive at the additional equation for ¢(x) and b(a).
Hence, the three equations, namely, the two equations (2.3) and Eq. (1.1), together with expressions
(2.4) and (2.5), form a system of equations in terms of the unknown functions ¢(x) and b(a), after finding
which, expressions (2.4) determine the stresses g, ,(x, a), thereby solving the problem in question.
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Note that the second of equations (2.5) for the known stresses g, (x, a) gives the value of the normal
load P, as a function of the dimension a of the contact region. As was mentioned above, as the punch
penetrates the positive load P, increases monotonically, and hence we have the inequalities

P(@)>0, Pa)=0 (2.6)

which, together with (1.4) and (1.5) impose additional constraints on the functions ¢(x) and b(a).
Below we consider the special case of a wedge-shaped punch and the linear relationship (1.1), for which
the unknown function @(x) can be found in the class of piecewise-linear functions for a linear form of b(a).

3. A WEDGE-SHAPED PUNCH (THE GENERAL CASE)
Suppose

g x, x<0 g,i = const

gix, x=0 g <0, g/ >0 G-1)

gx)= {

Henceforth we will set | g7 |< 1, which is necessary in order to justify the use of Eqs (1.7) of the linear
theory of elasticity. We will seek the unknown function @(x) in the class of piecewise-linear functions,
namely, taking Eq. (1.4) into account we set

x, x<0
o(x) = mx’ o (3.2)

Finally, we assume relation (1.1) to be linear
Py=nP,, n=const (3.3)

It is easy to establish that expressions (3.1) and (3.2) for the functions g(x) and ¢(x) satisfy conditions
(1.3). We substitute these expressions into (2.3) and (3.3), where, in the last equality, we define the
quantities P; , in terms of ¢(x) according to the following chain of equalities: (2.5), (12.4) and (1.9).
After simple calculations we thereby arrive at the following system of three equations

oy Q) + 0,07 =B,
0 Q7 +050] =B, (34)
0319 + 0@y =B,
% =Yo—AD+UE By —Ay), Gy =—(Yg = A +pgr (8 +A,)
Oz =B = Az)—Her (Yo = Ay Oy =8y +Ay)+ g (Yo — Ay)
O3 =B —nB;, O3 =B -nB;
Bi=-81(Bo—A)~8/ (B +A;), By=—(g' ~g[)¥o—A,)
B3 =~C +nG,
B = (A +pgiAy)sine™ (A} +1gtAl )sinw® T
F(A; —Hgi AT )cosw™ F (A7 —ugiAt)cosw’
By =%(A; — Mg A )sinw™ +(A] —pgiA] )sinw* +
AT + gl A7) cos 0™ £ (A +ugiAT ) cosm*
Ci=(g -8 NA; sin@™ + A sin®* + A cosw™ + A} cos*)
C, =(g — & X~A[ sinw™ — A} sin@* + A; cosw™ + A} cosw™)

Af" = H[(£8) + A,)sinTp+ (Yo — A )cos 1]/ chp
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A5 =[F(Yo—A,)sinTp+ (8 £ Aj)costpl/chp
{A,}={A.(p)}=‘}{sintx ax  _1.b
A T 1A TgleostX[ehx PTG

Yo=Ay(), 8p=Ay(e), o =arctg]

We note immediately the following properties of the quantities introduced, which can be established
by a simple analysis when v € [0, 1/2]

0<70<8p; A,(p)#0 for p=0 (3.5)

Equations (3.4) are linear algebraic equations in the unknown parameters ¢7, ¢ of the function ¢(x).
The coefficients of Eqs (3.4) are determined by the constants g7, n, T and p, and also by the unknown
quantity p, which describes the degree of asymmetry of the contact area. Taking this fact into account,
we require the function b(a) to be linear, which ensures that the quantity P is constant as o increases,
and consequently (by virtue of Egs (3.4)), the constancy of the parameters ¢7, laid down in (3.2). Hence,
we will assume that

ba) = e*a, p =const (3.6)

We will denote by A* the augmented 3 x 3 matrix of system (3.4), which is formed by adding the
column of free terms of system (3.4) to the matrix of the coefficients of its left-hand side. We know
[8], that the necessary condition for a solution ¢F of system (3.4) to exist for any fixed p is the
equation

detA*=0 (3.7)

The left-hand side of (3.7) contains the single unknown quantity p and hence this condition can
be regarded as the equation for p. Using the formula for the expansion of the determinant in
(3.7) with respect to the third row of the matrix 4* [8], we obtain the following representation for
Eq. (3.7)

S1(p)—nSy(p) =0 (3.8)
in which S, 5(p) are known functions, defined by the quantities gi’ and p
S,(p)=Cidy + By d, + B d, 3.9
dy = 04y 0pp = 0y0y

dy=0pf —0By. dy = o8,y — 0B (3.10)
The quantity p obtained from Eq. (3.8) by means of Eq. (3.6) defines the linear relationship b(a).
Moreover, for known p from Eqs (3.4) (one of which is eliminated from consideration since, by virtue
of (3.7), it is a consequence of the remaining ones [8]) we obtain the parameters ¢} and, consequently,
also the function @(x).
After finding b(a) and ¢(x), the stresses g; »(x, a) are found by simple substitution of expressions
(3.1), (3.2) and (3.6) into (2.4)

a(na)= 0{x(\|':2(x)—w§)+%[(\|13 —WW )~ (W =701

+ 1 + n 2
42(x,0) = B(X(W, ()~ W) + LW} W)W O+ (W3 -y W) (3.11)
1, 1+x/

_ Vi x<0_ [W®] _7T[sintX] dX
wk(x)—{\ﬂ, x=0 {Wz(t) I costX|shx

The known stresses g, »(x, @) enable us, using the second equation of (2.5), to obtain P,(a)
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L - +  + — m
5<a>=%a+e2°>wz¢. +Biol +Cla mo= 77 (3.12)

Finally, we need to verify whether the expressions obtained for ¢(x) and P,(a) satisfy inequalities
(1.5) and (2.6), which, by virtue of expressions (3.2) and (3.12) have the form

140 >0, B;o; +Big +C, >0 (3.13)

If at least one of inequalities (3.13) is violated, expressions (3.2), (3.6) and (3.11), for the values of p
and @i obtained, do not give a solution of the problem of the indentation of a wedge-shaped punch
with adhesion into a half-plane. Such a situation indicates that there is no solution of the problem in
question in the class of piecewise-linear functions for the tangential boundary displacement ¢(x) when
b(a) is linear.

4. A SYMMETRICAL WEDGE-SHAPED PUNCH

In the case of a symmetrical wedge-shaped punch gi = +g;,; € (0, 1) and for S, 5(p) for the following
expressions hold

§,(p) = Tsin(tp+w(p)), S;(p)=Tcos(tp+w(p)) (4.1)
TeJa2 + 52 =x{[(D, — A, + A)(By + giA ) + 8l A51)2

as =W g A% + (D — A\ X By + giA)]
b = o[(D, — Ay)g —(By + 81ADIA,
sinw=5b,/T, cosw=a.lT

By =85 —8Yo. Dy =7Yo-H&dy. x=8g8;cosw/chp

Henceforth we will eliminate from consideration the case when D; = 0, which by virtue of the first
relation of (3.5), only occurs when p = 1 and g; = y¢/¢.

It follows directly from the expression for T given above, in which D; # 0, g; > 0 and, according to
(3.5), A, # Owhen p # 0, that T > 0. The last inequality enables us, using (4.1), to give Eq. (3.8) for
p the following form

n = tg(1p + wip)) (4.2)

Moreover, it can be established that for values of p which satisfy Eq. (4.2), the third equation of system
(3.4) is equivalent to the first and hence should be eliminated from consideration. The remaining first
two equations of (3.4) give

o7 =d,/dy, @} =d,ldy for dy#0 (43)

Hence, for a symmetrical wedge-shaped punch, after p has been determined from Eq. (4.2), the
parameters @i of the function ¢(x) can be found from Egs (4.3) provided dy # 0. Expressions for the
stresses g, ;(x, a) are found directly from Eqgs (3.11).

Substituting (4.3) into (3.12) and using (3.9) we obtain the following expression for Py(a)

Py(a)= Y my(1 +e*)S,dy'a (4.4)
When (4.2), (4.3) and (4.4) are satisfied, we can give inequalities (3.13) the form
14+d, 1dy>0, k=12; S,/dy>0 (4.5)

In conclusion we will consider the case of small values of |p|. For this purpose we will write the
following asymptotic forms of the functions A; ,(p)

AP =%12+00%), Ay(p)=p+0(p°)

by means of which we obtain from (3.10)
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do(p) =2D,D, + 0(p?), d,2(P)=~28/7oD, F28,8,p + O(p?) (4.6)
B=Bycosm, D, =8;+Hg Y,
and we represent Eq. (4.2) for p in the form
n=np+0(*), n =I(g cosw+1B)D, - BIBD)" (4.7)

Note that the parameters B and D,, which occur in (4.6) and (4.7), are non-zero—this follows from
inequalities (3.5) and the constraint g; e (0, 1). Moreover, it can be established that n; # 0 and we can
obtain from (4.7)

p = niny + @(n?) (4.8)
Substituting (4.6) and (4.8) into (3.6), (4.3) and (4.4) we obtain
ba)=(1+2n/n)a+0(n?)
0F = 8,0 [=Yo £ 8o(Dyny) ™ n]+ On?) (4.9)
Py(a) = 4g,84BD;' my(1 +n/n)a+O(n’)

Hence, as p — 0 we have n — 0 and expression (4.9) is the solution of the problem. The stresses
g1.2(x, a) are found from (3.11) using the values of ¢, obtained. Verification of conditions (4.5) presents
no difficuity.

When n = 0, expressions (4.9) and expressions (3.11) for the contact stresses, corresponding to them,
give the solution of the symmetrical problem with adhesion for a wedge-shaped punch, considered
previously [1].
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